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Olson determined, for each finite abelian p-group G, the maximal length 
of a sequence of elements of G such that no subsequence has zero sum, thus 
settling (at least for these groups) a problem raised by Davenport in connection 
with factorization in number fields. This problem is equivalent o one on simul- 
taneous linear congruences to which one seeks solutions with the variables 
restricted to the values 0 and 1. In the present note, the analogous problem 
for forms of arbitrary degree is settled, again with best possible results. The 
main tool is an extension of Chevalley’s theorem on finite fields to congruences 
modulo prime powers. This in turn is deduced from Chevalley’s theorem by a 
simple device which circumvents the use of Witt vectors. 
1. THE MAIN RESULTS AND AN APPLICATION 
Let fi ,..A E Z&G ,..., X,] be polynomiaIs with p-adic integer coeffi- 
cients, without constant term, and put di = (total) degree f;: . We seek 
solutions (not identically zero) of a system of congruences: 
ml ,***9 xN) = 0 (mocip”3 i = l,..., k (1) 
upder various severe restrictions on the xi . 
The results are as follows: 
A. IfN > &, d,(p - I)-‘(p’i - I), then (1) has a non-zero solution 
with x, ,..., xN E T, where T is the Teichmiiller set: 
T={xE&,:x~ =x>< 
B. If N > CF=, d,(p”i - l), then (1) has a nonzero solution with ail 
x, E (0, 1); and the bound C d&s - 1) cannot be reduced. 
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C. Let bj be non-negative integers, j = l,..., N. If cEl bi > C d,(p’* - l), 
then (1) has a non-zero solution in rational integers xi satisfying 0 < xi < bj . 
If all the congruences are to modulus p, then A is precisely Chevalley’s 
theorem [I], reformulated in an obvious way in Z, rather than the residue 
class field F, = Z,/pZ, . Similarly (again if we take all va = l), C includes 
Terjanian’s strengthening of Chevalley’s theorem if we take N = 1 + 1 di, 
bj = p - 1 (1 < j < N - 1) and b, = 1. (Terjanian’s theorem asserts 
that (with all vi = 1) a system (1) has a solution with not all Xi zero mod p, 
and xN E (0, l} modp, provided N > C di [5]). 
We leave aside the rather obvious modifications necessary to treat more 
general p-adic fields, in order not to overburden the exposition. It should 
be pointed out immediately that the present theorems have only very weak 
application to the problem of finding primitive zeroes of homogeneous 
polynomials modulo prime powers. Roughly, the present methods can do 
no better than demonstrate that forms constructed by Terjanian’s tech- 
nique cannot prove that Q, is not C,[6]. 
The main application at present is to certain apparently combinatorial 
problems: 
COROLLARY TO B. Let G be afinite abelian p-group, direct sum of cyclic 
groups of orders p’l,...,p’k. Let g, ,..., g, be a sequence of (not necessarily 
distinct) elements of G, with N > &, (p’i - 1). Then some non-empty 
subsequence of g, ,..., g, has sum zero. 
Proof. This is just a reformulation of B in the case of linear poly- 
nomials. Represent G as k-tuples (a, ,..., a*) with ai E Z, to be read 
modp”i. Then put gj = (a:j) ,..., at’) and f;,(X, ,..., X,) = Cj”=, alj)X, . 
Taking a zero x1 ,..., xN guaranteed by B, the desired subsequence is just 
those terms gi for which x, = 1. 
This corollary was proved by Olson [4], but by a method which does 
not generalize to higher degree congruences. It answers a question raised 
by Davenport: If K is an algebraic number field, and 01 is an irreducible 
element of the ring of integers of K, then what is the maximum number 
of prime ideal factors of IX.? Applying the corollary to the ideal class group 
settles the problem provided the class group is a p group. For a general 
finite abelian group the corresponding question is still open [2-4]. 
2. PROOFS 
We first prove A, by reducing it to Chevalley’s theorem. The trick is to 
replace a single congruence (mod p”) by v congruences (mod p), at the cost 
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of elevating degrees. The technique is reminiscent of Witt vectors, but 
considerably simpler. 
Define an operator 
W)Wl ,*-*9 X,) = p-l[f(X, ,.*., x&p -f”(X,P )..., X,P) 
+.fptxl 3***, J&l -m-1 ,***, ~,)I. (2) 
Here as usual f$K, ,..., X,) is the polynomial obtained by raising each 
coejicient off to the pth power. Now observe: 
(a) Of has coefficients in Z, . 
To see this, we need to see that the part in brackets becomes zero after 
applying the homomorphism to F&Y, ,..., X,]. The first two terms cancel 
because raising to the pth power is a homomorphism in characteristic p; 
and the last terms cancel because that homomorphism is the identity 
on F, . 
(b) ~egree@f) < P (degree f). 
(c) When f = c, a constant, then we get 
AC = p-l@* - c). 
(d) c = 0 (modp”) if and only if c, ~c,...&~c are all = 0 (modp). 
Proof. If ord c is the highest power of p dividing c, then from (c) 
we get ord AC = --I + ord c whenever ord c > 0. 
(e) If x, ,..., x, E T = (x: xP = x}, then 
(of )(x1 ,..., xz,J = 4f (x1 ,..., xd). 
Putting (d) and (e) together, we see that for x1 ,..., xN E T, 
fc% ,'**, xN) = 0 (modp”) 
iff W)tx1 ,..., xN) = 0 (modp) r = 0, l,..., v - 1 
(where we have formally set A0 equal to the identity operator). 
Thus a single congruence of degree d (modp”) is replaced by v con- 
gruences (modp) of degrees at most d, dp,..., dp’-I; so the sum of their 
degrees at most d(p - l)-‘(py - 1). Theorem A now follows by an 
application of Chevalley’s theorem, our hypothesis guaranteeing that the 
number of unknowns is greater than the sum of the degrees. 
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To deduce B, apply A to the polynomials 
The fact that the bound in B (though not that in A) is best possible will be 
shown in the next section. 
To deduce C, apply B to the polynomials 
UXll ,..., Xlbl 3 x21 ,...1 x2,, ,...I 
= .ml, + .** + Xlb, , x21 + -.. + x2,, ,...I. 
It is perhaps worth noting that the seemingly specialized theorem B thus 
contains Chevalley’s theorem, even in the strengthened form of Terjanian. 
3. EXAMPLES OF POLYNOMIALS WITHOUT SPECIAL ZEROS 
For a single polynomial of degree 1, the bound in B is clearly best: 
f WI ,***, X,)= cXi=O(modm) 
j=l 
has no non-trivial solution with xi E (0, l> if N < m - 1, since there are 
not enough ones to give a zero sum. It is perhaps remarkable that this 
simple example easily generalizes to cover all cases. Put 
f,(Xl ,--*, XhJ = I$ X,+1(1 - Xi+,)(l - Xj+J **- (1 - xi+J, 
i=O 
where all variables Xj for j > N are to be replaced by zero. Then if we 
substitute zeros and ones for all Xj , each term on the right is 0 or 1. It is 1 
only if its initial variable is replaced by 1 and the remaining (d - 1) 
variables by 0. Thus if N = d(m - 1), at most m - 1 terms can be 1; 
and at least one of them is; the one beginning with the last non-zero Xj . 
Hence, whether m is a prime power or not, the congruence 
f,GG ,**-, X,) = 0 (mod m) 
has, with N = d(m - 1), no non-trivial zero with x1 ,..., xN in (0, 1). 
This shows the bound in B is best possible for a single polynomial. For 
several polynomials, just use the polynomials fd , but with different 
variables in each; so that only the first dl(p - 1) variables really appear 
in fdl , only the next dz(p - 1) in fdg , and so forth. 
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The bound in A is, on the other hand, not best possible for most degrees. 
For example, for degree 1, and a single congruence 
f WI ,***, X,) = c ujXj = 0 (mod 39, 
we get a solution with xt E T = (0, 1, -l} provided N > v log 3/lag 2. 
To see this, map the set of subsets of {I,..., N} to the integers modulo 3’ by 
If 2N > 31; this map cannot be injective. If S, s’ have the same image, 
putxj=lifj~S-~,~j=-lifj~S’-S,~j=Ootherwise,toget 
the desired zero. (If one puts a, = 2j-l, one sees that this bound for N 
cannot be improved.) 
4. EXAMPLES FOR COMPOSITE MODULI 
The examples for B in the preceding section suggest that B might even 
be true for composite moduli, at least for a single polynomial. For degree 1 
this is true (and well known). The congruence 
$ ajXj 3 0 (mod m) (% E z> 
j-1 
has a non-zero solution with Xj E (0, I} provided N > (m - 1). (Box 
principle again: look at the N + 1 partial sums cyW1 aj , 0 < n Q N.) 
For simultaneous congruences of degree 1, the analogue is not known, 
though one guesses that if all f! are homogeneous linear, and each mi 
divides mi+l , then the system 
fxx1 s***, A’,> = 0 (mod m,) i = l,..., k 
has a (0, l} zero provided N > C (mi - 1). This is exactly the question 
on finite abelian groups mentioned in Section 1; it is known for a pair of 
simultaneous linear forms, and in a few isolated special cases.l 
In this section, it is shown that the analogue for higher degrees is false 
for all composite moduli, even for a single congruence. More precisely, 
for each composite modulus m, there is an integer d and a polynomial 
1 Communicating Editor’s footnote: This conjecture is now known to be false. The 
hrst counter example is due to P. VAN EMLX BOAS, A combinatorial problem on finite 
Abelian groups II. Math. Centrum 1969,ZW-007. 
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fe ml ,-we, X,] (without constant term) of degree d, such that the con- 
gruence 
f (Xl ,--*, X,> = 0 (mod m) 
has no non-zero soiution with xi E {0, 11, yet N > d(m - 1). 
First an auxiliary polynomial in one variable: 
cp(T) = T + 1:; t-1)’ (p ; ,) E QWI. 
LEMMA. Let t G Z 
(a) r ord t = 0, then ord v(t) = 0. 
(b) Iford t > 0, then ord q(t) = -1 + ord t. 
Proof. Write 
H’) = T + (;) g(T). (3) 
Then g(T) = C,“l (-l)‘(T) (mod p). (Congruence of polynomials means, 
as usual, that each coefficient in the difference has positive ord.) This is 
because, for 0 ,< r < p - 1, the quotient 
(f)-’ (, r ,) = (r) tmodp). 
Now g has denominators prime to p, so the value of g(t) modp depends 
only on the value of t modp. But for 0 < t < p - 1, g(t) = (1 - l)t, 
so is 1 or 0 according as t is 0 or not. Thus: 
If ord t = 0, then ord g(t) > 0, and ord(i) 3 0, so the first term in (3) 
has strictly minimal ord, giving (a). 
If ord t > 0, g(t) = 1 (modp) and ord(i) = -1 + ord t, so the 
second term in (3) has strictly minimal ord, giving (b) and completing the 
proof. 
Now in Z[X, ,..., X,], let or be the rth elementary symmetric function; 
so a, = C Xi , c2 = & X,X, , etc. (N will be specified later.) Put 
P-l 
f,t~l,...,~N) = a,+ c (-1)7%1+, 
7=0 
(degree f, = 2p - 1). 
For xi E (0, l}, ul(xl ,..., xN) = C Xi is the number of non-zero xj , and 
7 = (3; sofzl(x,,..., xN) = vD(C xi). Hence fD(xl ,..., xN) s 0 (mod p”) 
L C xj = 0 (mod p”+l). 
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Finally, let m be any composite number, so m = paqbn with p < q 
primes not dividing n. Choosefe Z[X, ,..., X,] so that 
f  3 f,  (mod P”) 
f = f, (mod 4”) 
f = o1 (mod n) 
degree f = max(2p - 1,2q - I, 1) = 2q - 1 a 
Then if X, E (0, I} 
f (Xl ,..-, xN) = 0 (mod m) 
implies: 
f&G ,***3 xN) = 0 (mod pa), so o1 = 0 (mod pa+‘); 
f&, ,..*, xN) z 0 (mod qb), so u1 = 0 (mod qb+l); 
and 
u, = 0 (mod n). 
Hence a, = 0 (modpQ+lqb+Qz). Recalling that o1 is just the number of 
non-zero xi , we see that if N < pa+lqb+ln = pqm, then ul = 0 (modpqm) 
implies 4 = 0, so all xi are 0. Thus we may choose N = pqm - 1, and 
it only remains to check that N > d(m - 1); that is, pqm - 1 > (2q - l)(m - 1). 
But this is clear sincep 2 2. 
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